Abstract. We analyse the proof of the main result of a paper by Cuadra, Etingof and Walton, which says that any action of a semisimple Hopf algebra H on the nth Weyl algebra A = An(K) over a field K of characteristic 0 factors through a group algebra. We verify that their methods can be used to show that any action of a semisimple Hopf algebra H on an iterated Ore extension of derivation type
The purpose of this note is to analyse the main result of the paper [3] which says that any action of a semisimple Hopf algebra H on the nth Weyl algebra A = A n (K) over a field K of characteristic 0 factors through a group algebra. The central idea is to pass from algebras in characteristic 0 to algebras in positive characteristic by using the subring R of K, generated by all structure constants of H and the action on A and by passing to a finite field R/m.
It has already been outlined in [3, p.2] that these methods could be used to establish more general results on semisimple Hopf actions on quantized algebras and that the authors of [3] will do so in their future work. In particular it has been announced in [3, p.2] that their methods will apply to actions on module algebras A such that the resulting algebra A p when passing to a field of characteristic p, for large p, is PI and their PI-degree is a power of p. Such algebras include universal enveloping algebras of finite dimensional Lie algebras and algebras of differential operators of smooth irreducible affine varieties.
We will verify part of their outlined program in Theorem 6 and will show that any action of a semisimple Hopf algebra H on an enveloping algebra of a finite dimensional Lie algebra or on an iterated Ore extension of derivation type A = K[
in characteristic zero factors through a group algebra. Apart from this we give an alternative proof for the reduction step in Proposition 2.
Inner faithful action
Let H be a finite dimensional Hopf algebra over a field K and let A be a (left) H-module algebra. One says that a Hopf algebra H acts inner faithfully on a left H-module algebra A if I · A = 0 for any non-zero Hopf ideal I of H. For any Hopf algebra H acting and a left H-module algebra A there exists a largest Hopf ideal I of H such that I · A = 0 and H/I acts inner faithfully on A, i.e. any Hopf action factors through an inner faithful action. The next Lemma is essentially contained in the proof of [3, Proposition 2.4]:
Lemma 1 (Cuadra-Etingof-Walton). A finite dimensional Hopf algebra H acts inner faithfully on an algebra A if and only if A ⊗n is a faithful left H-module for some n > 0.
Proof. The statement follows from the proof of [3, Proposition 2.4], which we will sketch here: Let Ann H (M ) denote the annihilator of a left H-module M . For any m > 0 set K m = Ann H (A ⊗m ), where A ⊗m is a left H-module by the diagonal H-action. Since A ⊗m embeds into A ⊗n as left H-module, whenever m ≤ n, we can conclude that K m ⊇ K n . Clearly the descending chain of ideals K m stabilises at some index n as H is finite dimensional. Hence K m = K n = K 2n := K for all m ≥ n. Thus the annihilator of A ⊗n ⊗ A ⊗n with the component wise action of H ⊗ H is equal to 2. Reduction to a finitely generated Z-algebra Let H be a semisimple Hopf algebra over a field K of characteristic 0. By a classical result of Larson and Radford, H is also cosemisimple. Suppose that H acts on a domain A which is finitely presented as an K-algebra, i.e. A ≃ K x 1 , . . . , x n /P, with P a finitely generated completely prime ideal of the free algebra K x 1 , . . . , x n . The structure constants of H are the constants that define the Hopf algebra structure of H over K. First of all, since H is semisimple over a field, H is finite dimensional, say of dimension d and hence has a K-basis {b 1 , . . . , b d }. We might assume that 1 H is one of the basis vectors. The Hopf algebra structure of H is determined by a set of constants µ
As H is semisimple and cosemisimple, there exists a left integral
Moreover the action of H on A is determined by the images of the action of the basis elements b i on the algebra generators x j = x j + P of A, i.e.
where f ij are non-commutative polynomials in K x 1 , . . . , x n . Since P is finitely generated, there are non-commutative polynomials p 1 , . . . , p m such that P = p 1 , . . . , p m . We consider now the subring R of K generated by all constants
. . , p m . We call R the ring of structure constants of the action of H on A.
Then H R is a R-Hopf algebra with structure constants (⋆). Let A R = R x 1 , . . . , x n /P ′ , where P ′ is the ideal of R x 1 , . . . , x n generated by p 1 , . . . , p m . The action of H on A yields now an action of H R on A R , i.e. we have a ring homomorphism H R → End R (A R ). Since t ∈ H R still satisfies ǫ(t) = 1, H R is separable over R. Analogously as t * ∈ H * R satisfies t * (1) = 1, H * R is separable over R (see [7, 9] ). Note that H ≃ H R ⊗ R K and A ≃ A R ⊗ R K as algebras. Hence A R is again a domain. Moreover, A R shares the same properties of A, i.e., A R is finitely generated and finitely presented.
R is a Hilbert Ring
Since K is a field of characteristic 0, R is an integral domain that contains the integers Z. Let a 1 , . . . , a s be a set of generators of R as Z-algebra and consider the surjective ring homomorphism
Recall that a Hilbert ring (or Jacobson ring) is a ring R such that any prime ideal is the intersection of maximal ideals (see [5, 8] ). As Z is a Hilbert ring, and Hilbert rings are closed under forming polynomial rings and factor rings, R is a Hilbert ring as well. In particular the prime ideal 0 is equal to the Jacobson radical Jac(R) of R. Before we prove Proposition 2, we need two elementary Lemmas:
Lemma 3. Let R be an integral domain of characteristic 0 with Jac(R) = 0 such that char(R/m) > 0 for all maximal ideals m of R. Then, given 0 = a ∈ R and an integer q > 1, the following holds
Proof. Set X = MaxSpec(R). For each m ∈ X let p m = char(R/m). Set B = {m ∈ X | a ∈ m and p m ≤ q}. Now, if B = ∅, then a ∈ m∈X\Xa,q m and so, since by hypothesis a = 0 and 0 = Jac(R) = m∈X\Xa,q m ∩ m∈Xa,q m , R being a domain implies that m∈Xa,q m = 0 as we want. If B = ∅, then the set {p m | m ∈ B} is finite, say {p m 1 , . . . , p mn }. We define b = n i=1 p m i , which satisfies b ∈ m∈B m. So, ab ∈ m∈X\Xa,q m, because if m ∈ X \ X a,q and a ∈ m then p m ≤ q. Hence p m divides b and, as p m ∈ m, we have ab ∈ m. By hypothesis, a = 0 and R being a domain implies m∈X\Xa,q m = 0. However, 0 = Jac(R) = m∈X\Xa,q m ∩ m∈Xa,q m shows m∈Xa,q m = 0. 
has non-zero determinant.
Proof. Suppose that h 1 , . . . , h n are linearly independent. Then there exists a finite dimensional subspace U of V of dimension q ≤ n such that h 1 , . . . , h n restricted to U are linearly independent. Let {v 1 , . . . , v q } be a basis for U . For each 1 ≤ i ≤ n we define ϕ i ∈ ((V * ) q ) * as follows:
Since h 1 , . . . , h n are linearly independent also ϕ 1 , . . . , ϕ n are linearly independent. Let W be the intersection of all kernels of ϕ i and consider the function
As Φ is injective, dim((V * ) q /W ) ≤ n. Moreover, as ϕ i are linearly independent in ((V * ) q ) * they are also linearly independent in ((
In particular Φ is an isomorphism and there are elements f 1 , . . . , f n ∈ (V * ) q with f l = (f l1 , . . . , f lq ) for all 1 ≤ l ≤ n, such that the matrix
has non-zero determinant. The converse is clear.
Proof of Proposition 2.
Let R, H and M as in the statement of the Proposition. The H-action of H on M is given by n endomorphisms h i : M → M for i = 1, . . . , n. Since M is faithful, the elements h 1 , . . . , h n are independent over R in the sense that if n i=1 r i h i = 0 for some r 1 , . . . , r n ∈ R, then r 1 = · · · = r n = 0. Let F be the field of fractions of R and consider
Let C ∈ R be such that w k := Cv k ∈ M = M ⊗ 1 for all k. Let {b λ | λ ∈ Λ} be a basis for M as an R-module, then there exists a finite subset Λ ′ ⊆ Λ such that all elements h i (w k ) belong to the submodule spanned freely by b λ for λ ∈ Λ ′ . Let D ∈ R be the common denominator of f jk (h i (w k )) for all i, j, k and define R-linear maps g jk : M → R by g jk (b λ ) = Df jk (b λ ) for λ ∈ Λ ′ and g jk (b λ ) = 0 for λ ∈ Λ \ Λ ′ . Then
By Lemma 3 for any q > 1 the set Y := X a,q satisfies m∈Y m = 0. 
Reduction to Hopf algebras over finite fields
Let R be an integral domain in characteristic 0 with zero Jacobson radical, such that char(R/m) > 0 for all m ∈ MaxSpec(R). Let H be a separable and coseparable Hopf algebra over R and free of finite rank as an R-module. For any maximal ideal m of R the set mH is an ideal of H. Moreover, H/mH has an induced Hopf algebra structure over the finite field F m = R/m. Denote by x the elements in R/m respectively H/mH. The integral t ∈ H with ǫ(t) = 1 yields an integral t ∈ H/mH with ǫ(t) = ǫ(1) = 1. Hence H/mH is semisimple over F m . Analogously (H/mH) * is semisimple. Given a left H-module algebra A that is free as an R-module, we extend the H-action on A to A/mA by h · a = h · a, for all a ∈ A, h ∈ H. Hence A/mA is a left H/mH-module algebra over a finite field F m . This reduction from a semisimple Hopf algebra action on a finitely presented algebra over a field of characteristic zero to an action of a semisimple and cosemisimple Hopf algebra over a finite field is the key step in [3] . In some cases the algebras A/mA over F m become finitely generated over their centre. Extending the Hopf action to the skew-field of fractions of A/mA, when the degree of the skew-field of fractions and the dim(H)! are coprime, Cuadra, Etingof and Walton showed that H/mH has to be cocommutative, hence a group algebra. By Proposition 2(3) one concludes that H has to be cocommutative, and hence a group algebra. Their key result of [3] extending [4] is the following: As a consequence from this Proposition and the reduction process to fields of positive characteristic, as described in sections 2 and 3, one deduces: 
Since all H m are cocommutative, also H R is cocommutative, and therefore H is as well.
Enveloping algebras of finite dimensional Lie algebras
The main purpose in [3] was to show that any semisimple Hopf action on a Weyl algebra factors through a group algebra. However, Cuadra, Etingof and Walton's method can also be used to show that actions of semisimple Hopf algebras on enveloping algebras of finite dimensional Lie algebras or on iterated differential operator rings over a field K of characteristic 0, factor through group algebras. For modular Lie algebras one has the following result from Proof. Let H be a semisimple Hopf algebra over a field K of characteristic 0. Let g be a finite dimensional Lie algebra over K and A := U (g) its enveloping algebra. Suppose that H acts on A and denote by R the ring of structure constants of H and R as in (⋆). Using the structure constants of g, respectively H, define the Lie algebra g R over R of finite rank and the Hopf algebra H R over R. Moreover, A R is U (g R ), the enveloping algebra of g R over the integral domain R. Let m be any maximal ideal of R, set F = R/m and p = char(F ). Then 
Iterated Differential Operator Rings
In this last section we show that Cuadra-Etingof-Walton's method can be applied to iterated Ore extensions of derivation type over polynomial rings. The following Proposition is the crucial step to show that the centre of such iterated extensions over a field of characteristic p is large.
Proof. We might assume S = K. Suppose that H acts on A and let R be the ring of structure constants of H and A. We can consider the R-Hopf algebra H R acting on the Ralgebra A R = R[ 
